Sine Square Deformation And Related Topics
2019

ITHEMS workshop held at RIKEN Wako Campus on July 11, 2019


多田 司


On July 11th, 2019, the workshop on ”Sine-Square Deformation and
related topics 2019,” was held at RIKEN Wako Campus. It is a sequel to
the previously held workshop on June 22nd, 2017 at RIKEN Wako
Campus. The aim of the workshop is to study Sine-square
deformation (SSD), which is a new type of boundary condition at which
the coupling constant of the system is spatially modulated. Since its
inception, SSD has been studied in various contexts including string
theory, condensed matter physics and quantum field theory. This
workshop provided a unique opportunity for the researchers working
on the subject from various disciplines to get together and exchange
their knowledge and perspectives. We were able to invite a large
portion of the researchers who are actively contributing to the
subject, including Dr. Nishino, who initiated the subject.

This document contains the slide shown by the speakers at the
workshop. Since all the presentations were given in Japanese, some
part of the slides are in Japanese

Organizers:
Nobuyuki Ishibashi (Tsukuba), Hosho Katsura (Tokyo),
Kouichi Okunishi (Niigata), Tsukasa Tada(RIKEN)



Workshop Program

10:00 ~ 10:45
10:55 ~ 11:25
11:35~12:20
lunch
13:20 ~ 14:05
14:15 ~ 14:45
14:45 ~ 15:00
break
15:30 ~ 16:15
16:25~17:10
17:20 ~ 18:00

Tomotoshi Nishino (Kobe) TTRILF—RT—ILZEIEH S SSD A\, Wl> RE EREF DM,
Hosho Katsura (Tokyo) F7«1 Uo L « /A4 VEAIESRSEM & half SSDy
Tomohiko Takahashi (NaraW.) T¥FAVEZEELH 1V ZE&EH,

Shinsei Ryu (Chicago), "Holographic duals of inhomogeneous 1d quantum many-body systems”
Toshiya Hikihara (Gunma) THRR BRI RILF—RAT—IVEBRIC LD —RTEFRDFEZE(L,
Syoji Zeze (Yokote Seiryou H.), "Virasoro algebra in K-space”

Naokazu Shibata (Tohoku) TSSDZFW7 A ML —FEFRAEVYRELUVSEHEEFROER,
Kouichi Okunishi (Niigata) "XXZEHICE T DB FUnuhIREBFRBEIV YV TILA YV M,
Tsukasa Tada(RIKEN), "Perspectives from Sine-square deformation on conformal field theories”




Quantum-Classical correspondence and Energy Scale Deformations

Tomotoshi Nishino (Kobe Univ.)
Roman Krcmar (SAS)

Andrej Gendiar (SAS)

... anonymous referee ...

arXiv:0810.0622

* Uniform Hamiltonian does not always have uniform ground state.
- Charge/Spin density wave, commensurate or incommensurate

- ex. Axial Next Nearest Neighbor Ising (ANNNI) model
H=—-J; Z 03,4 (Uz'+1,j + 0i,j+1) — J2 Z 0i,jOi+2,5
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Energy Scale Deformation
* There is a modulated Hamiltonian whose ground state is uniform.
- empty state of any Fermionic system (too trivial!)
- (modulated/inhomogeneous) AKLT Hamiltonian

since H = sum of projectors, and pre factor can be arbitral

- Slow energy scale modulation would not affect a gapped ground state

if the modulation is slow enough (or gap is wide enough)

- Exponential Deformation (Wilson, ..., Okunishi)

wilson lattice EIR AL o)LL)

N—1
Ha= 3 (el ain + chemsa)

n=1

general framework  CIREL il Edi EITAAPET 3]

N-—1
Hy(A) =) AN Thy g,

n=1



a classical counterpart: Hyperbolic Lattice
Ising model on Hyperbolic Lattice

- there is ferro-para phase transition

- always off critical

- row-to-row transfer matrix can be defined

- is it possible to find out the corresponding
quantum Hamiltonian? (I have no answer)

probably, in anisotropic limit (how to define this limit?),
one reaches the hyperbolic deformation. EYSQHENEEREE:

1
Hcosh()\) _ 5 [Hexp()\> + Hexp(_)\)}
N
j=—N

ground-state is uniform, except for the edge state,
as it was observed in the case of exp. deformation.



a path to “spherical” deformation
* Corner Hamiltonian ~ Entanglement Hamiltonian

- Okunishi proposed a quantum counterpart of CTMRG

N-1
KN = Z (I PRI ond-mat/0507195
n=1

- Hyperbolic “deformation” can be considered
N

L OV DI W W P -  Xiv:0808.3858

j=—N

* History in physics suggests the generalization to trigonometric deformations

N/2—1
Hgy = »  cos(al)hy,,, EEGEENIFE
(=—N/2

... well, the prototype was “cosine
deformation”, and not squared.
How can one use the
deformation? (I don’t know.)

arXiv:0810.0622

Bond Strength
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Smooth Boundary Condition 2—0—0—0—0—0—0—0—0—0—0—0
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LETTERS

VOLUME 71 27 DECEMBER 1993 NUMBER 26

Smooth Boundary Conditions for Quantum Lattice Systems

M. Vekic and S. R. White

Department of Physics, University of California, Irvine, California 92717
(Received 1 September 1993)

We introduce a new type of boundary conditions, smooth boundary conditions, for numerical studies
of quantum lattice systems. In a number of circumstances, these boundary conditions have substantially
smaller finite-size effects than periodic or open boundary conditions. They can be applied to nearly any
short-ranged Hamiltonian system in any dimensionality and within almost any type of numerical ap-
proach.

PACS numbers: 02.70.—c, 05.30.Fk, 75.10.Jm
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a path to “spherical” deformation
* Corner Hamiltonian ~ Entanglement Hamiltonian

- Okunishi proposed a quantum counterpart of CTMRG

N-1
KN = Z (I PRI ond-mat/0507195
n=1

- Hyperbolic “deformation” can be considered
N
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j=—N

* History in physics suggests the generalization to trigonometric deformations

N/2—1
Hgy = »  cos(al)hy,,, EEGEENIFE
(=—N/2

... well, the prototype was “cosine
deformation”, and not squared.
How can one use the
deformation? (I don’t know.)
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... finally we reach sin”2 form, ... almost ACCIDENTALLY

Errara published in Prog. Theor. Phys. 123 (2010), 393. 393

Errata

Spherical Deformation for one-dimensional Quantum Systems

Andrej GENDIAR, Roman KRCMAR, and Tomotoshi NISHINO
Prog. Theor. Phys. 122 (2009), 953.

In the article we have published, we studied the finite-size correction to the energy per site
EYN /N for the spherically deformed free fermion lattice, whose Hamiltonian is given by

N-—1 n AlA ~ o

e =3 s i ot g Gl GG

g = S1n N —1 CpCpy1 — tcg_|_1cﬂ — M 2 (1)
/=1




What happened?
- I visited Aachen, to discuss with Andrej Gendiar in 2008.

... we considered a way of reducing the boundary effect in 1D chain.

The following picture came up, though I do not
understand what it is even now. (open problem)

//. O//.
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a sphere has no border

let us focus on the width of
each piece of paper.

N-—1 . m
(N) _ _ in (% fe foe
Hine = —t [sm ( N )} (€j€Cj41 +CjiyC)) Major contribution
came from
Andrej Gendiar



What happened?
- I visited Aachen, to discuss with Andrej Gendiar in 2008.

... we considered a way of reducing the boundary effect in 1D chain.

The following picture came up, though I do not
understand what it is even now. (open problem)

any way, we checked the “cosine deformation” on
the free fermion lattice, and confirmed that it
reduces the boundary effect.

N/2—1

Hgyp, = Z cos(al) P pi

(=—N/2

We report the result as [vl] of EIRGAHX:FRPP:

ATTENTION: we submit [v1] to Prog. Theor. Phys.
Referee pointed that the boundary effect is reduced, but still there is.

- Andrej proposed to consider cos™n also, since the function falls to 0
MORE SMOOTHLY than cos”1.

- I denied Andrej’s proposal, since cos”n contradict the above SPHERE.



What happened?
- I visited Aachen, to discuss with Andrej Gendiar in 2008.

... we considered a way of reducing the boundary effect in 1D chain.

The following picture came up, though I do not
understand what it is even now. (open problem)
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Figure 2. Expectation value (chg 41+ c} +1Ce> of the spherically deformed lattice
Fermion model when N = 400. For comparison, we also plot the same expectation
value for the undeformed case.



What happened? - Andrej was right, and there is one another side story.

[ERRATA]

In the article we have published, we studied the finite-size correction to the energy per site

E™ /N for the spherically deformed free fermion lattice, whose Hamiltonian is given by
N-1 n A At o4
~(n) Z 4y A A 4 CyCy+ Cpy1Copa

for the case n = 1. While we proceeded to a further study on the spherical deformation, we noticed
the data shown in Figs. 2-7 were incorrect, and these figures corresponded to the Hamiltonian for the
case n = 2. This error happened due to a very primitive confusion in the file name of computational
source codes, and we misused the data with n = 2, instead of n = 1. We show appropriate data for

the typical case u = 0, which corresponds to the half filling.

0'640 DI ‘L ' I ' ' ' I ' ' ' I ' ' ' I ' + ' 4.8 T T T TTTTT T T T TTTTT T T T TTTTT T T T TTTTT
N + + R
+ ++ i |
0.639— N n=1/2, u=0 &+ g 4.6 -
| O H, A+ | B |
A A 4 o o 44 .
a K
< 0.638 = W L E i ]
n = 421 -
+L>N 0637 Iﬂ"lnm... "“m”lllﬂ C\Q | _
+ A Ill|\|\IIIIII\I\II|II|\|\IIIII|\I\III III\I\lIIIII\l\llllll\l\lllll'\lu.l — 2 V) 4'0 __ __
I 0636 o N oagl s pim ]
o~ Z gL o @i/m h
0.635 -t
\V; r + | ", o Z A L i
S o -tsin' (x1/1000) % 1 Mgk .
06341 o -tsin’ (xl/1000) S, - .
- + + N 32 1= .
0 633 1 +|. 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 r 1 B P I I I N
. 0 200 400 600 800 1000 3.0 _6 1 | - _5 1 |- —4 1 | -3 1 - _2
i 10 10 10 10 10
-2
N

Fig. 1. Bond correlations at half filling calculated
for I:Ién) with n = 0, 1, and 2. Fig. 2. Finite-size corrections to the energy.



Home Works (Conjectures)

Extension to higher dimensional system

- It is always possible to consider Hyperbolic lattice or deformation.

- Slowest modulation on N-dimensional sphere would be an extension of SSD.

Trotter decomposition

- What is the right Trotter decomposition between curved surface with
constant curvature and corresponding quantum (lattice) system.

Fuzzy space

- How does non commutable space can be deformed in the manner of SSD?



[The world of Classical Physics is quite Wide]

electric magnet: should it be a cylinder?

What is the most appropriate form
for the high field magnet?

Liu et al. ERGAEIFAIEEEL)
y

|
I
J
¥

Hyperbolic helical coil?

Spherical coil?



Do find something rectangular/cylindrical

fill this space.

try to find on SNS.



Do find something rectangular/cylindrical

You are looking at
rectangular screen.

u phone, also.
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Andrej Gendiar KD m =2 DIFHICDWTEDEHET—F%. X—IL T
TTEBZEO "TRY 7Y, T FAlEm=1DT7—F R ERWVAATH &
EVWTUE -, | ZUT THEEL) ZOXRFHBHINTLE o ...

Progress of Theoretical Physics, Vol. 122, No. 4, October 2009
Spherical Deformation for One-Dimensional Quantum Systems
Andrej GENDIAR,"? Roman KRCMAR! and Tomotoshi N1sHINO?3
MYEE FEE TAPNERSRV, (BURREEE 721 )

fTAXEA m=2 DEEWVWTUL) EWSHREZEWNWT. FOHEEIC
T’%%}ZL}TIE) 5 97—:0

Errata

Spherical Deformation for One-Dimensional Quantum Systems

Andrej GENDIAR, Roman KRCMAR and Tomotoshi NISHINO
Prog. Theor. Phys. 122 (2009), 953.

(Received December 10, 2009; Revised December 23, 2009)
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Exact ground state of the sine-square deformed XY

spin chain J. Phys. A: Math. Theor. 44 (2011) 252001

Hosho Katsura

Department of Physics, Gakushuin University, Mejiro, Toshima-ku, Tokyo 171-8588,
Japan

E-mail:  hosho.katsura@gakushuin.ac. jp,

Abstract. We study the sine-square deformed quantum XY chain with open
boundary conditions, in which the interaction strength at the position z in the chain
of length L is proportional to the function f, = sin®[Z(x — 3)]. The model can be
mapped onto a free spinless fermion model with site-dependent hopping amplitudes
and on-site potentials via the Jordan-Wigner transformation. Although the single-
particle eigenstates of this system cannot be obtained in closed form, it is shown that
the many-body ground state is identical to that of the uniform XY chain with periodic
boundary conditions. This proves a conjecture of Hikihara and Nishino [Hikihara T
and Nishino T 2011 Phys. Rev. B 83 060414(R)] based on numerical evidence.
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A Generalization: Spherical Deformation
N-site tight binding Hamiltonian
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A system under Open Boundary Condition gives data as efficient as those under
Periodic Boundary Condition, under the spherical deformation.



Bond Strength
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Introduction
 What is SSD? What are special about SSD?
* Free-fermion models

« Results

Boundary conditions in lattice models
Half-SSD

Summary



What is SSD (sine-square deformation)?  */'°
B Setup and definitions
Consider a lattice model on a chain of length L. (PBC imposed)
L L 1o oL
* Uniform Hamiltonian +, = Zhj + Zhj,jﬂ °0 o
j=1 j=1 g 9
 Chiral Hamiltonian Q o
L L 0 OuenO
Hy = Zei 27 1/2)hj + Z et 6jhj’j+1 (5 — f)
71=1 71=1
: : 1 1
« SSD Hamiltonian Hssp = =Ho — = (H4 +H_)
Gendiar et al.,, PTP (2009-2010) 2 L
Hikihara, Nishino, PRB (2011)
[Sin2€:1c080] 1 L
Ex.) Heisenberg chain 2 2 0=0-0~0=0-0~0-0

M) =

L
H _1 1_1 i5j_1 —10J )\ Q.. §., 4 —
j=1 j=1

.o (T .
SIn (Z]> S-St



- 4/16
What are special about SSD? /
B Suppression of boundary effects o xkzchain, a=05 110 o
* Negligible Friedel oscillation :} Rl
Uniform g.s. correlations A
» Observed in 1D critical systems s o ]
XXZ, Hubbard, Kondo-lattice, ... 0 20 40 60 j 80
Shibata, Hotta, PRB (2011) Hikihara, Nishino, PRB 83, 060414 (2011)
B Scaling of entanglement entropy
SPBC(& L) — gln [£ sin <%€>:| + 54 SSSD ~ SPBC
[y

B \Wavefunction overlap

Overlap between the g.s. of systems
with PBC and SSD is almost 1.

* Rigorous proof for free-fermion models (XY, quantum Ising, ...)
* CFT interpretation: H.K., JPA 44, 252001; 45, 115003 (2011)

(Wssp |¥ppe) =~ 1



" A
Free fermion chain with SSD (1) 5/16

* Uniform Hamiltonian
L

L
Ho z—thcﬁLl—l—cﬁ_lq7 ,ch .C; f
AN (e : . ) SL— 0 L 1
cj/c; : annihilation/creation of fermion at . FW F

Fourier.tr. Ho = Z e(k)c;gck e(k) = —2tcosk —
k
G.S. of Ho: Fermisea (¢(k) <0 occupied)  Hy|FS) = E,|FS)

e Chiral Hamiltonian

L

. . 277-

Ha _—tZ 0 (cles iy 4l o) —p Y eEI-Y Dl (ng)
-

71=1
Momentum rep. Ha ) =0

Hi =T e(kF6/2ckerzs .. O O @ @ @ O
k k—6 k k+96
If e(kr +0/2) = e(—kr —3/2) =0, then H4|FS)=0. ("." (¢})2 =0)



" A
Free fermion chain with SSD (2) 6/16
B SSD Hamiltonian
L—1 - L—1 - 1
Hssp = —t ; sin? (Zj> ( ;r-cj+1 + c}ch) — i ; sin? [Z (j — 5)] c;r-cj
In terms of Ho & Hy, Hssp = %Ho - E(H+ +H_)

Fermi sea is annihilated by chiral Hamiltonians! H4|FS) =0

HssolFS) = | ;o — 304 T) | FS) = Z2/Fs)

Fermi sea is an exact eigenstate of Hssp !

B Uniqueness of the ground state
Fermi sea is the unique g.s. of Hssp. Ho & Hssp share the same g.s.

Outline of proof)

Free-fermion chain = XY spin chain (via Jordan-Wigner)
Perron-Frobenius thm tells: (i) the ground state of Hssp is unique.
(i) it has nonvanishing overlap with |FS).



"
Results 1716

* Any open/open correspondence?

* Yes, for free-fermion chain!

* But we need to add boundary potentials

L—-1
HO = — Z(C;Cj_|_1 -+ hC) — N1+ ng, /
7=1

—1 +1

L—-1 :
. s
Hhalf = — E Sll’l2 (i) (C;L'Cj—i—l + hC) +nr,

« Hy, and H,_; share the same ground state But why?



. 8/16
Outline

Boundary conditions in lattice models
» Tight-binding model with boundary potential

* Analytically solvable cases, eigenfunctions



" I
Tight-binding chain with boundary potential *''°
B Hamiltonian

E c! iCi+1 T+ C; c]+1) —any —bng,

A
Cj,Cj
.'.

nj = c;c; : number op. —a _b

Splnless fermion ops.,

B Tri-diagonal matrix
Ho(a,b) = —c! T(a,b)e, ¢f = (cf, ...,cTL)
* The "hopping’ matrix T determines the 1-particle spectrum

/a, 1 \ « Eigenvalue problem
1 0 1
1 0 1 T (a,b)v = \v
T (a,b) = .
01 Analytically tractable?
\ 1 b Yes, for special (a, b)



" A
List of exact solutions
e a=b=0: Fixed-Fixed BC

10/16

Am = 2 CO0S <Lm7r1>, m=1,2,...,.L
T Martin-Delgado, Sierra,
a=b=1:Free-Free BC Phys. Lett. B 364, 41 (1995)

Am = 2COS (%), m=0,1,.... L —1

ca=0, b=1: Fixed-Free BC

mm
Am = 2
COS (2L+1

), m=1,3,5,..,2L — 1

a=1, b=-1: Free-Anti-free BC

mit
Am = 2 COS (E>’ m=1,3,5,...,2L — 1
«a=q, b= 1/qg. Saleur (proceedings, 1989)
q+q A :2cos(m) m=12..,L—1
Y m L Y Y Y

Appendix in HK, Schuricht, Takahashi, PRB 92, 115137 (2015)



How to get eigenfunctions 11/16

Neumann BC.:

B Orbifolding? V1 =ar, oL = YarL41
4L 1 o 12
Tight-binding on 3 NN
a periodic chain
of length 4L .
NHEEN
oL o

One can get eigenfunctions of T(1,-1)
from the plane wave solutions on
a periodic ring!

B Eigenfunctions Diric_hlet BC:
o0 — 2 o [T = Dk —1) L = —Yr4
i =\ COS i

1<j<L, 1<k<L



" A
Outline

12/16

Half-SSD

* What is half-SSD?

* Open/Half-SSD correspondence
« Self-duality, commuting property



What is half SSD? 116
W Setup
* Open-chain Hamiltonian B o
L—1
Ho(]., —1) = — Z(C;'CJHLl + hC) — N1+ ny,
j=1

« Half-SSD Hamiltonian with boundary potetial

L—1 .
Hhalf(b) = — Z SiIl2 <ﬂ> (C;[Cj—l—l + hC) +bny,

i 2L
B Ground-state overlap B Ground-state energies
overlap _‘2 : ‘_‘1 : : — 1 — 2 b
1.0} “351
[=50 Eq
half-filling °'8/\\ 2FE0 hatt + 1 233! \
S| Exactly 1 o
04/ at b=1 ;. Coincide
0.2} _as! at b=1
-»  Open/half-SSD correspondence!

2 1 2



What happens at b=1? 14/16
W H . in the H,-diagonal basis (L: even)
Hyar(b) = " Hyare(b) c, Eigenfunctions of T(1,-1)
2 2j —1)(2k — 1
Hk,l _ <¢(k)7Hhalf(1)¢(l)> wj(k) _ E oS [71'( J 4)L< )

« Diagonal matrix elements

w(2k — 1) 1
Hk;,k:—COS[ 5T ] +§(5k,1+5k,L), (k:l))L)

« Off-diagonal elements
1 k
Hik+1 = Her16 = 5 cos <—> , (k=1,..,,L—-1)

L
The other elements are all zero. e ~N
Clearly 0
L/2,L/2+1 — HL/2+1,L/2 = 0. 0
0
Fermi sea of H, is the g.s. of H, ! \_ 0 )




" A
Self-dual Hamiltonian 15/16
B Interpolation between H, _: and H,

L—1 .

Z CoS <%> (C;-Cj_|_1 + h.c.)+ny +ng

1 1
Hyae(1) = §H0(1, —1) + 5 [

j=1
« 1-parameter Hamiltonian Hq
1 ~ B
H(a) = 5 (Ho(1, -1) + o.Hy) ¥ , 0
1 1 = 0
N.B.: H(0)==Hy(1,—1), H(1)= Hya(1
(0)=5Ho(1,=1), H(1)= Hpair(1) \0 ),
B Self-duality of H, I I
. Eigen-operators of H, = 9\7¢c;, & = ¥l
j=1 j=1
» Eigen-space Hamiltonian (H,)
L—1 i a N\
Hy =) cos (%) (€le;11 +he) +élé +éber . 0
j=1 0
Takes the same form as H, in real-space! \_ 0 Y




" JJd
Summary

« Studied tight-binding chain with half-SSD
* The models shares the same ground state wi/

the tight-binding chain with special b.c.

16/16

e The b.c. = mixed Dirichlet-Neumann b.c. a ™

« Decoupling structure in the "eigen-space’ 0

Future directions
« Extension to finite chemical potential

* Field theory: bosonization, CFT, ...
* Algebra? Anything to do with modular S-matrix? wj(.k) =S¥ (7)

» Extension to other boundary conditions?
Other mixed b.c. What about Robi b.c.? (ay + 8¢')|,o =0

« What are they good for?
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PTEP, 2018, 12, 123B04 [arXiv:1809.01885 [hep-th]]
with Isao Kishimoto, Tomomi Kitade
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“Dipolar quantization and the infinite circumference limit of
two-dimensional conformal field theories”,

Nobuyuki Ishibashi, Tsukasa Tada

Int. J. Mod. Phys. A 31, 1650170 (2016) [arXiv:1602.01190v1]

The present formulation was also partially guided by previous approaches
in the study of string field theory (SFT) [37, 38]. It would be interesting
if one can find more direct connections between the present result and
SFT treatment, especially in the context of understanding the transition
between open and closed strings [39].

[37] M. Kiermaier, A. Sen and B. Zwiebach, JHEP0803, 050 (2008)
[arXiv:0712.0627 [hep-th]].

[38] T. Takahashi and S. Zeze, Prog. Theor. Phys.110, 159 (2003)
[hep-th/0304261].

[39] T. Takahashi, Prog. Theor. Phys. Suppl.188, 163 (2011).

2/31



BHHRS (44> 2 RER (SSD) & ZOEM]
BB 2017 & 6 A 30 B 10:30 - 17:20
218 I+ —%F (160 2%)

BRICHE>7Z L&

SSD mechanism
{vssp |vpBc ) =1
= JF> TH 5 Mathematica THEMIO! (BEELEK)
HSSD:%’HO_E('HJF +H_), HL|0)=0
H= %LO - i(L1 L)), Lol0)=Lat|0) =0

= BREEVWADNTESIET?

3/31
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I
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o VXA VEZ

© —XTEFREKIESR

Q FERICBITBY A VY ZREW
@ Decoupling of left and right moving modes
@ Example of string propagations
@ Virasoro algebra for closed strings

Q XA VERICE T KON

@ Energy-momentum tensor and Virasoro algebra
(6 Qe
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Polchinski '95
D7L—ye&id, FEDESANL 22< p+ 1 RTOBHE
(p+1<26)
b X“(J) (:u = 07' o ap): /AR VEREKN
Xi(o) (i=p+1,---,25): T4 U LERRKH
oD JL—rBEEINNEMNLTR I
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sxFVHEZE

DD (String Field Theory)
18 o(x) EIRIE L3O U[X (0)] & DR E T 235

Witten '86

1 1 1
Ul =— - U+ —UxWUxWU
S{v] 92/<2 cQuut Swevau)

1 1 1 1 1 1oz \3
_ p+1 = 2 a2 T2 ] logk o’ 0
e e e A GO

9
(k= 3v/3/4)
O
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Schnabl '05, Erler-Scnabl '09, T.T-Zeze '03, - - -
Wy st Ishibashi '14, Kishimoto-Masuda-T.T '14, - - -
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Takahashi ('03), Takahashi-Zeze ('03)

1 1
dz —1
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2

—T
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1 RTEEBI 7 T I I A VTR

“Field Theories of Condensed Matter Physics”, E. Fradkin

1RETINIAVER
N
o = —tZ(é;éHl—i-éLlél).
=0
o &
& =eltly (3.1)

EEBTDE NINIZTUR
N
Hop = —itZa;(al_H — al_l), (ao =aN41 = 0)
=1

{ah aj/} = 6l,l’1 {ah al’} = {ajv a;l} =0

11/31
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THIC,
o= (), = (a—a)),
1= \/i i 1 1= V2i l l
ELT TNI—MEETF 0 (1=1,2) 28 T3
N
Ho = *itz (pleii + ‘P12W12+1) (¢o = P11 =0)
=0

{90% ot = 51,1’5W

D&, BIWEET o] & @7 KL TRBARICEZRET LN TES,
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Ab,

9. ZO1EHEICRTININ N7V %, @Y1 NOREEFEFHY 1 NOEETF
C931FT

A [%57]

2
it
Ho = D) E {p2r—1(p2r — p2r—2) + P2r(P2r+1 — P2r—1)}
k=1

EEL, TITTy &g =p2k—1, M=o EVWIEETFEBEAT S &, RIMERIE
ks S}y = Onnrs s Mt} = Oy {6k, i} =0
THY., NIV b=ZT7VIF

[%5]

Ho = —%t D> L& = me—1) + k(€1 — &)}
k=1

&R B,
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B,
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EEETDE, NINW=ZTUH
- ) ™
fio = o [" W10y — b 0r0-) do
T Jo

e REBEFRA

{1 (0), Y4 (0")} =md(o —0'), {Y-(0), ¥-(0)} = wd(o — o),
{¢1(0), ¥—(a)} =0,

B,
IhiE, 2RTTYIASFTITNIAVRICHTZNINIZTUTHY., FVBRERD
T IAVEBRICHIGELTWR Z ED DL S,
BREME. N IMBROBE.
¥4+(0) =9—(0), WPy(m) = —_(m)
E72Y) . Neveu-Schwarz BOBREHLETH D, N HEFHDBEIL.
¥4(0) = ¢ (0), 4 (m) =1 (m)

&7V, Ramond BOBERFHTHZ I &b H 5,
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YAV ZREH L EROEFGER

Ho = 2 sin? 0 (Y4951 — Y_0s1p_) do
2w Jo

N DB DIHE. Neveu-Schwarz B DIF R KM

P+(0) = 9-(0), P4(m) = —¢—(7)
N H&FHDHE,. Ramond BDEREM

¥+(0) = ¢—(0), +(m) = ¢ (m)

BREMDDBIHIT, Py (0) & (o) PRIAEETF &R SH |
= BRI !

. AMNERFEEEOR MKR) 2Rt 2057
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Decoupling of left and right movmg modes
Examp

Virasoro alg

HRRICEF DYV _RER

Open string Hamiltonian

The Hamiltonian of an open string is
given by

Ho:/c+2dmZT() | 55T,

T(z): the energy-momentum tensor.

Each term corresponds to Hamiltonians of left and right moving
modes, respectively, but they do not commute with each other due
to open boundary conditions on T'(z).

The Hamiltonian is given by the zeroth component of the Virasoro
operators: Lg. So, we do not encounter antiholomorphic Virasoro
operators in the open string system.

17/31



Decoupling of left and right moving modes

BRICB T2 YA Vv ZRER

Sine-squre-like deformation

where g(z) is a holomorphic function satisfying g(£1) = dg(£1) = 0.
HgJr and H, are left and right moving modes of H,.

The simplest example of g(z) is given by
1 2 2
z)=——(r"—1)".
o(z) =~ (2~ 1)
If we change the variable as z = exp(if), the weighting function in H, is
changed to 2z~ 'g(z) = sin® f. Hence, the deformed Hamiltonian provides
a sort of generalization of the SSD Hamiltonian. In this sense, we call it

the sine-square-like deformation, or SSLD for short.
18/31



Decoupling of left and right moving modes
Example of string ions

BRRICE T 91V RER

Virasoro algebra for closed strings

T'(z) is expanded by holomorphic Virasoro operators only:

T(z) = i Lz "2

n=—oo

By using this expansion form and the Virasoro algebra, we can
obtain a commutation relation of T'(2):

T(2), T(')] = ~(T(2) + T(')) 982, ') = 150%3(=.2),
where c¢ is the central charge of T'(z).

By this equation, we can calculate the commutation relation
between H and H, .

The important point is that surface terms appear in the calculation
as a result of derivatives of the delta function and these terms
include a singular factor §(£1,£1).

19/31



Decoupling of Ieft and right movmg modes
Example of g
Virasoro algebra for closed strings

BRRICE T 91V RER

However, the singular surface terms turn out to vanish due to the
factors g(+1) and dg(+1), which are set to zero in the definition
of Hy.

As a result, we find
(. 1) =0

and then the deformed system is decomposed into the left and
right moving parts as in periodic systems.

Accordingly, it is concluded that the deformed system described by
H, corresponds not to an open string system, but to a closed
string system, although the Hamiltonian is constructed by a single
holomorphic energy-momentum tensor.

It should be noted that the zeros of ¢g(z) and Jg(z) at open
string boundaries cause the decoupling of the left and right

moving sectors!
20/31



Decoupling of left and right moving modes
Example of string propagations

BRRICE T 91V RER

Virasoro algebra for closed strings

Now, we will illustrate equal-time contours generated by the
Hamiltonian for the simplest function

1

9(z) =~ (2 = 1.

with a focus on emergence of left and right moving sectors.

According to Ishibashi-Tada, we introduce the parameters, ¢ and s,
into the worldsheet generated by H:

t+1 /Z dz 2
18 = _—
g(z) 22-1

where t denotes time and s parameterizes a string at a certain

time.
21/31



Decoupling of left and right moving modes
Example of string propagations
Virasoro ra for closed strings

BRRICE T 91V RER

Figure: Equal-time contours on the z plane (solid lines). Dashed lines
with arrows denote evolution of time t.

These contours have a remarkable feature that the string
boundaries are fixed at z = +1 during propagation of the string.
One complex number ¢ 4 is corresponds to two points in the z

plane.
22/31



Decoupling of left and right moving modes

BRI BB Y —RET Example of string propagations

Virasoro a for closed strings

Accordingly, we introduce a complex coordinate w =t + is for the upper
half z plane and w =t + is for the lower half plane.

By this mapping, the upper half plane corresponds to the whole w plane,
and the lower half plane to the other w plane:

23/31



Decoupling of left and right moving modes
Example of string propagations

BRRICE T 91V RER

Virasoro algebra for closed strings

Hence, the equal-time contours by H, lead us to the worldsheet
which consists of two complex planes.

The two planes, w and w, corresponding to the upper and lower
half z planes are generated by the left and right moving

Hamiltonian, H; and H_, respectively.

Therefore, they can be regarded as holomorphic and
antiholomorphic worldsheets of a closed string.

24/31



Decoupling of left and right moving modes
Example of string propagations

— g S —mET,
S R Virasoro algebra for closed strings

Now that we have obtained two decoupled Hamiltonians for the left and
right moving sectors, we can construct two independent Virasoro
operators according to Ishibashi-Tada:

dz 5 dz
co- | G OTE), B =Y CIACIC]

t 271

where g(z) is the same function as that in the Hamiltonian H,.
fi(2) is defined by the differential equation

9(2) g 1u(2) = KFu2)

For a constant time ¢, C?. and C’. denote integral contours along the
equal-time line on the upper and lower half z plane, respectively.

We should note again that T'(z) including in £, and L, is the same
energy-momentum tensor of the open string system.
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Decoupling of left and ht moving modes
Example of string pr: ions

— g S —mET,
S R Virasoro algebra for closed strings

Lo and Ly provide the left and right moving parts of the Hamiltonian,
thatis, Lo = H and Lo = H, .
L, satisfies continuous Virasoro algebra:

(L) Lir] = (K — K ) Lprnr

c dz 0% 1 (39)2 +,£3,,_€'3

JR— PR _/ — e —— ’ .
12 ot 2mi =)\ 522 ~ 35 \ 22 5y (fe?)

Ishibashi-Tada '16
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Decoupling of left and ht moving modes
Example of string pr tions

. < —mAE, g
S R Virasoro algebra for closed strings

The right moving sector of the Virasoro operator £, can be also defined
by integration along the integration path on the lower half plane.
Similarly, £, satisfies the continuous Virasoro algebra.

Moreover, since Ci and C% have no intersections, £, and £, commute
with each other:

Ly, L£,0] = 0.

Thus, we have found the two independent Virasoro algebras in a
deformed open string system, which can be regarded as the
Virasoro algebras for closed strings, that is, the holomorphic and
antiholomorphic parts.

Kishimoto, Kitade and T.T ('18)
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Energy-momentum tensor and Virasoro algebra

Y XA VEBICE T BEEONTRE

Energy-momentum tensor

We define an operator at the tachyon vacuum:
T(2) = e "O{Q b))
— T(2) 4 0h(2) jan(2) — (Oh(2)) + ge*h<z>a%h<z>.

We find that T (z) satisfies the same OPE as T'(z) with zero central
charge:

1
o ) 0T (),

Here, it should be noted that 7(z) includes not only operators but also a
function in its form.

Since h(z) is related to a coordinate frame of worldsheets, 7(z) has an

explicit dependence on the frame.
28/31



Energy-momentum tensor and Virasoro algebra
Y ¥ F VEEICE T BEAEONIE

Virasoro algebra

By using 7 (z), we can define the continuous Virasoro operator at the
tachyon vacuum:

where the weighting function is related to h(z) as g(z) = ze"(*).

Since ¢"*) has second order zeros at z = +1, g(z) also has second order
zeros at z = 1.

These operators satisfy the holomorphic and antiholomorophic
continuous Virasoro algebra for c =0. (Lo = Hy and Lo = H_.)

By definition of T (z), these operators commute with Q' :

[Qil:a ‘CK,:I == [Q/ﬂ:, [:,.;] = 0

Thus, we have found the continuous Virasoro algebra at the tachyon
vacuum. 29/31
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Figure: String pictures before and after SSLD. The solid and dashed lines
correspond to holomorphic and antiholomorphic parts of a string. As a
result of SSLD, open string boundaries (black dots) become joined and
an open string divides to holomorphic and antiholomorphic strings.
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Holographic duals of inhomogenous systems;
Rainbow chain and SSD

Shinsei Ryu
in collaboration with
lan MacCormack (U Chicago),
Aike Liu (UIUC — Caltech),
Masahiro Nozaki (U Chicago — RIKEN/Berkeley)

University of Chicago

July 10, 2019
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Introduction

Inhomogeneous quantum many-body systems (on a lattice):

H=Y hijs1 = H=Y_ f(zizit1)hiiq
i P

R2—12

Entanglement (Rindler) Hamiltonian: f(z) = “57

Sine-square deformation (SSD):

f(l’) = coS 27rTz + 1 =sin? M [Gendiar-Krcmar-Nishino (08),

Hikihara-Nishino (11), ...]

Mébius evolution: f(z) = cos 27 + /1 — const./L?

[Ishibashi-Tada (15-16); Okunishi (16); Wen SR-Ludwig (16)]

Rainbow chain: f(z) = e—hlzl

2/22



Rainbow chain
[Vitagliano-Riera-Latorre (10), Ramirez-Rodriguez-Laguna-Sierra (14)]
L-3/2

H= _01/201/2 - Z e [Czci-u +cT—ic—i—1]
i=1/2

Concentric singlet formation

Volume law entanglement for the half-chain partition:
Syq~ L.

In the continuum, CFT on AdSs.
[Rodriguez-Laguna-Dubail-Ramirez-Calabrese-Sierra (16)]
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® |n this talk, | will develop holographic descriptions

e Of particular interest: the scaling of the entanglement entropy
(at zero and finite T).
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AdS/CFT, AdSs/CFTs in particular

it ! .
,\’ﬂd;d Aivection

AdSs

® Gravity in bulk AdS < CFT on 0AdS
e “Radius” R of AdS < central charge ¢: ¢ = 3R/(2GN)
® BTZ black hole < finite T

5/22



AdS/CFT, AdSs/CFTs in particular

® Kinematical: Any stuff determined solely by conformal
symmetry in CFT should have geometric descriptions in AdS.
E.g., entanglement entropy for a single interval

® Dynamical: Einstein gravity in AdS realizes large ¢ CFT.
E.g., operator content, mutual information.

6/22



Different time-evolution < Different foliations

e Key concept and strategy: foliations (slicing)
¢ (Boundary metric — Einstein equation — Bulk geometry)

e Why different coord systems lead to different physics? (Diffeo
invariance?) < CFT is defined on a cutoff surface

vedied e

S SJJLL
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Example: Entanglement (Rindler) Hamiltonian

® Rindler coord. (u > 0,—00 <t < c0):

', u = const.

t = usinh(ht’), x = ucosh(ht')

A L. i v = const.
® The half of the space(time) is inaccessible
(“traced out"); the state is mixed at finite

Unruh temperature T' = h/(27).

® Metric:

A5 aior = —u2dt?+du? = 2" (—dt"+dz'?)

. . _ / . e
(Tortoise coordinate by u =: h~1e*") [Figures: Wikipedia]
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Example: Entanglement (Rindler) Hamiltonian

® The Rindler Hamiltonian,
HRindler :/ dUUH(u)
0

® Bulk metric:
dz? + dx? — dt?
22

[(—udt” + du®) + dz?]

2 _ P2
dsas, = R

RZ
= 272
R? /
== [62}”“’ (—dt"? 4 dz'?) + dzz] .
2

® There are two asymptotic boundaries (hence two CFTs),
which are entangled.

® (The entanglement Hamiltonian of the finite interval can be

discussed similarly.
9/22



Different foliations < Different time-evolution

z z z
x 0 xr ) x
Flat Rainbow Mébius (SSD)
Bulk metric:
dz? + da? — dt?
dSidSs = R2 2

z
h?R2 1
ds% e = | ——— | |dO? dn? — dt?
s = | i) 1€+ g (7~ )

dsthas, = — [du® + dv? — a=?(coshu — cos v)?dt?

10/22



Different foliations <> Different boundary metrics

¥4 2 -

n °

Flat Rainbow Mébiu

(SSD)

Slice metric:
dsgin, = da® — dt?
1
2 _ 2 9
dsaas, = Hi2 (dn dt )

2 2
ds%\iobius = - (1 — tanh 2v cos 7Lm) dt? + dz?

11/22



Rainbow slicing

h?*R?

cos?(hO)

ds%as, = [ } {d@“' + (dn® — dt?)

h2n2

® There are two asymptotic boundaries (two CFTs) (similar to
Rindler foliation)

® The two CFTs are connected at (z,z) = 0.
® Previously used, e.g., for AdS/BCFT [Takayanagi(11)
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C.f. Entanglement Hamiltonian and SSD in 2d CFT

® Conformal transformation:

w(z) =log(z + R) — log(z — R)

b
a5 vpaven
SaBY

¢ EE hamiltonian on [—R, +R] — Hamiltonian with boundaries
® Transforming from strip to plane:

+R ($2—R2)
H:/duTw|U . :/ L I
0 R 2R yyly

E.g., Casini-Huerta-Myers (11), Cardy-Tonni (16)
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C.f. Entanglement Hamiltonian and SSD in 2d CFT

® Evolution in the “orthogonal direction” to the modular flow:
= SSD.
® Evolution operator:

T 2 cos 0 + cosh u
H = dv Tyu (ug,v) = r(2) do .70 Trr(r,0)
o o sinh ug

® |n the limit R — 0,

L
e | ds sin? (E) T, (i@)
o L 2n L

14 /22



Mobius foliation of AdS3

z

0

® {-independent coord. transformation:

. . . 0 a
u+ iv = log(z + iz + a) — log(z + iz — a) = -
zZ+x
® Metric:
dz? + dz? — dt? R? _
ds?qug = R? 2 = S [du2 + dv? — a~2%(coshu — cos ’U)thz]
— R—Q [dv2 —a"2(u? +0v?)dt® + du2]
2
u

The slice metric agrees with the one identified in [wen-wWu (18)]
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Finite temperature
e Start from the finite 7' (holographic) EE:

Sa(wy,m2;B) = §10g [W\/g\/a sinh (”(“”26_ xl))] .

® Replace €1 and €y with appropriate curvilinear cutoffs.

3
u ou

inh (% (z(u=0,v2) — z(u =0,
Sa(vi,v2; B) = < log |:5 = (B(cc(u v el vl)))] .
me \/82(1/.:0,1)1) 9z(u=0,v3)
[}
¢ Good approximation when (length of interval) < 7.

CFT AdS

L:;;L

1 UV (uT off
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EE for Rainbow chain

Entanglement Entropy

® “Defect” entanglement entropy

c 2weelt
Sa(w; B,e) = g log Lrhﬂehf sinh < ﬂ; )] e
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EE for Rainbow chain

Entanglement Entropy
N e © 5 )

T

e “Half-chain” entanglement entropy

) ¢ B . mm (e —1)
SA(Eyﬂﬂlrll) = g IOg |:67Th1716hé/2 Slnh (/8 .
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EE for Mobius evolution

Entanglement Entropy

Sar o, 10 ) = 1o [ st () s (1 ()|
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Entanglement Entropy

EE for SSD evolution

V2 — U1

V102

2
Sa = Elog —6|Uw2| sinh cra
2mae B8

)|
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Summary and outlook

e Construction of holographic duals of rainbow chain and SSD.

® Computation of finite T entanglement entropy

Issues:

e QOther inhomogenous systems?

e QOther quantities, time-dependent setup ...
Negativity and local quench [MacCormack-Kudler-Flam-SR]

® Higher dimensions 7

21/22



Rainbow chain, SPT, BCFT

® Folding rainbow chain — SPT phase [Nadir Samos Saenz de Buruaga

e I

+0-00+0- +—-—0+-00+
® SPT phases <+ BCFT [Qi-Katsura-Ludwig (11), Cho-Shiozaki-SR-Ludwig
(16)]

® Rainbow foliation is closely related to BCFT.

z
R

| |

[Picture: Cavalcanti et al.(18)]
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¢ Qutline

1. Introduction

energy-scale deformation
SSD

2. Sine-« deformation
Long-distance entanglement
Ground state properties of SD« chain
local energy density, entanglement entropy

3. PST-a deformation
Deformation for Perfect-State Transfer
Ground state properties of PST«a chain
local energy density, entanglement entropy



¢ Energy-scale deformation

H=> f(z)h(z)
f(x) : scale function  h(z) : hamiltonian density

We will consider the spin-1/2 XXZ chain

h(zj) = STST,, + SYSY | + ASIS7,

A = 0 : XX chain, free fermion

A # 0 :interacting


https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D%3D%5Csum_x%20f(x)%20h(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D%3D%5Csum_x%20f(x)%20h(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Ah(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Ah(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Ah(x_j)%3DS%5Ex_j%20S%5Ex_%7Bj%2B1%7D%20%2B%20S%5Ey_j%20S%5Ey_%7Bj%2B1%7D%20%2B%20%5CDelta%20S%5Ez_j%20S%5Ez_%7Bj%2B1%7D%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Ah(x_j)%3DS%5Ex_j%20S%5Ex_%7Bj%2B1%7D%20%2B%20S%5Ey_j%20S%5Ey_%7Bj%2B1%7D%20%2B%20%5CDelta%20S%5Ez_j%20S%5Ez_%7Bj%2B1%7D%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5CDelta%3D0%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5CDelta%3D0%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5CDelta%5Cne%200%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5CDelta%5Cne%200%0A%5Cend%7Balign*%7D

¢ Uniform XXZ chain

.

J

M=) h(z;) =) (787 + 88 + AS;Si,)
j

Ground state (low-energy) properties
of the spin-1/2 XXZ chain in critical region
are well known
for thermodynamic limit / periodic b.c. / open b.c.

e.g.) for the uniform chain under open b.c.

Sy = AT (—1)—k LT
S e S pELaT

(-1icy
oz, )]/

()_L—I—l, L
g(xj) = - sin I +1

da(xj) = <S?S?+1> =Cy +



https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D%3D%5Csum_j%20h(x_j)%3D%5Csum_j%20%5Cleft(S%5Ex_j%20S%5Ex_%7Bj%2B1%7D%20%2B%20S%5Ey_j%20S%5Ey_%7Bj%2B1%7D%20%2B%20%5CDelta%20S%5Ez_j%20S%5Ez_%7Bj%2B1%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D%3D%5Csum_j%20h(x_j)%3D%5Csum_j%20%5Cleft(S%5Ex_j%20S%5Ex_%7Bj%2B1%7D%20%2B%20S%5Ey_j%20S%5Ey_%7Bj%2B1%7D%20%2B%20%5CDelta%20S%5Ez_j%20S%5Ez_%7Bj%2B1%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Ad%5Ea(x_j)%3D%5Clangle%20S%5Ea_j%20S%5Ea_%7Bj%2B1%7D%20%5Crangle%20%3D%20C%5Ea_0%20%2B%20%5Cfrac%7B(-1)%5Ej%20C%5Ea_1%7D%7B%5Bg(x_j)%5D%5E%7B1%2F2%5Ceta%7D%7D%20%2B%20%5Ccdots%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Ad%5Ea(x_j)%3D%5Clangle%20S%5Ea_j%20S%5Ea_%7Bj%2B1%7D%20%5Crangle%20%3D%20C%5Ea_0%20%2B%20%5Cfrac%7B(-1)%5Ej%20C%5Ea_1%7D%7B%5Bg(x_j)%5D%5E%7B1%2F2%5Ceta%7D%7D%20%2B%20%5Ccdots%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%20%20%5Clangle%20S%5Ex_j%20S%5Ex_k%20%5Crangle%20%3DA%5Ex%20(-1)%5E%7Bj-k%7D%20%5Cfrac%7B%5Bg(j)g(k)%5D%5E%7B%5Ceta%2F2%7D%7D%7B%5Bg(%5Cfrac%7Bj-k%7D%7B2%7D)%20g(%5Cfrac%7Bj%2Bk%7D%7B2%7D)%5D%5E%5Ceta%7D%2B%5Ccdots%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%20%20%5Clangle%20S%5Ex_j%20S%5Ex_k%20%5Crangle%20%3DA%5Ex%20(-1)%5E%7Bj-k%7D%20%5Cfrac%7B%5Bg(j)g(k)%5D%5E%7B%5Ceta%2F2%7D%7D%7B%5Bg(%5Cfrac%7Bj-k%7D%7B2%7D)%20g(%5Cfrac%7Bj%2Bk%7D%7B2%7D)%5D%5E%5Ceta%7D%2B%5Ccdots%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Ag(x_j)%3D%5Cfrac%7BL%2B1%7D%7B%5Cpi%7D%5Csin%5Cleft(%5Cfrac%7B%5Cpi%20x_j%7D%7BL%2B1%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Ag(x_j)%3D%5Cfrac%7BL%2B1%7D%7B%5Cpi%7D%5Csin%5Cleft(%5Cfrac%7B%5Cpi%20x_j%7D%7BL%2B1%7D%5Cright)%0A%5Cend%7Balign*%7D

¢ SSD

Sine-Square Deformation (SSD)
Hssp = Y  fssp(z)h(x)

fssp (x) = sin”® (W( — %))

Gendiar et al. (2009)

L

Jssp*¥)



https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%5Crm%20SSD%7D%3D%5Csum_x%20f_%7B%5Crm%20SSD%7D(x)%20h(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%5Crm%20SSD%7D%3D%5Csum_x%20f_%7B%5Crm%20SSD%7D(x)%20h(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_%7B%5Crm%20SSD%7D(x)%20%3D%20%5Csin%5E2%5Cleft(%5Cfrac%7B%5Cpi(x-%5Cfrac%7B1%7D%7B2%7D)%7D%7BL%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_%7B%5Crm%20SSD%7D(x)%20%3D%20%5Csin%5E2%5Cleft(%5Cfrac%7B%5Cpi(x-%5Cfrac%7B1%7D%7B2%7D)%7D%7BL%7D%5Cright)%0A%5Cend%7Balign*%7D

¢ SSD for 1d critical system

1d critical (gapless) systems under SSD

ground state is equivalent with that of periodic system
Hikihara-Nishino (2012)
Katsura (2011), Maruyama et al. (2011)
Hotta-Shibata(2011)

T

OO OO O O Qe Qe OO

conformal mapping to infinite uniform chain
Wen-Ryu-Ludwig (2016)

grand-canonical analysis for magnetization curve
Hotta-Shibata(2012), Nishimoto et al.(2013)



¢ Sine-«a deformation

Sine-a deformation (SD«) Gendiar et al. (2009)

Hspa = »  fspa(z)h(z)

1 ax=0.1
a=0.5
1 x=1.0
| x=2.0
{ =3.0
o=4.0



https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_%7B%7B%5Crm%20SD%7D%5Calpha%7D(x)%20%3D%20%5Csin%5E%5Calpha%5Cleft(%5Cfrac%7B%5Cpi(x-%5Cfrac%7B1%7D%7B2%7D)%7D%7BL%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_%7B%7B%5Crm%20SD%7D%5Calpha%7D(x)%20%3D%20%5Csin%5E%5Calpha%5Cleft(%5Cfrac%7B%5Cpi(x-%5Cfrac%7B1%7D%7B2%7D)%7D%7BL%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%7B%5Crm%20SD%7D%5Calpha%7D%3D%5Csum_x%20f_%7B%7B%5Crm%20SD%7D%5Calpha%7D(x)%20h(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%7B%5Crm%20SD%7D%5Calpha%7D%3D%5Csum_x%20f_%7B%7B%5Crm%20SD%7D%5Calpha%7D(x)%20h(x)%0A%5Cend%7Balign*%7D

¢ Long Distance Entanglement

For realizing Quantum-Information process,
genelation of large entanglement
between qubits located at a large distance
and connected by steady channel
Is desirable

End-to-end entanglement in 1D quantum systems

o—00—C0—C0—0—C0—C0—0—0C—0
N— Entangle them !! A

SSD system realize true Long-Distance Entanglement

How end-to-end entanglement in SD« chain
depends on system size, temperature, ...



¢ End-to-end entanglement at T=0

0
10 Lo v N ALV v Y.
NS NS N NV N, Y, .0 .Y, S\ VA A\
S N E N - exact value
~ - OO -0+~ 0~ ] <
Z N0 - fora =2
Q . “O--0
Y 000 vio=4.0
OO---0.
O 0000y =30
Ao=2.5
A o=21
107"k 110: a=2.0
i lm:ax=1.9
i _ 11O a=1.7
- A=1.0 o %egleiu-1s
10’ N
+ End-to-end concurrence for ¢ > 2
: tfrue LDE

converges a finite value at N —» «©

¢ Concurrence is larger as o is larger
(coupling constants around edges are smaller)



¢ End-to-end entanglement at finite Temperatures

' I 0=3.0 v
A=1.0, N=24 025 i -
D 0=2.1 —&—
I o=2.0 -+
w o=1.9 —l—
Y o=1.7 - |
o=1.5 —e—
S
h 4 \
a 05F & |
S’ A,
O PS8
EEE B
- ¥00000000 oA el o
v A e © R S S

a=3.0 2.5 2.1 2.0 1.9

+ Critical temperature T"is smaller as « is larger
(coupling constants around edges are smaller)



¢ Long Distance Entanglement

End-to-end entanglement in 1D quantum systems

K Entanglement between them J

Hspa = ¥ fspa(z)h(z)  fspa(z) = sin® (w(:cL— §)>

x

true LDE realizes for o > 2

As «is larger,
end-to-end entanglement at T=0 larger
critical temperature T* smaller (LDE becomes fragile)


https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Calpha%20%5Cge%202%7D%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Calpha%20%5Cge%202%7D%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_%7B%7B%5Crm%20SD%7D%5Calpha%7D(x)%20%3D%20%5Csin%5E%5Calpha%5Cleft(%5Cfrac%7B%5Cpi(x-%5Cfrac%7B1%7D%7B2%7D)%7D%7BL%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_%7B%7B%5Crm%20SD%7D%5Calpha%7D(x)%20%3D%20%5Csin%5E%5Calpha%5Cleft(%5Cfrac%7B%5Cpi(x-%5Cfrac%7B1%7D%7B2%7D)%7D%7BL%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%7B%5Crm%20SD%7D%5Calpha%7D%3D%5Csum_x%20f_%7B%7B%5Crm%20SD%7D%5Calpha%7D(x)%20h(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%7B%5Crm%20SD%7D%5Calpha%7D%3D%5Csum_x%20f_%7B%7B%5Crm%20SD%7D%5Calpha%7D(x)%20h(x)%0A%5Cend%7Balign*%7D

¢ Perfect-State Transfer

Energy-scale deformation for Perfect-State Transfer

Christandl et al. (2004)
Hpst = »  fpsr(z)h(z)
T



https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%5Crm%20PST%7D%3D%5Csum_x%20f_%7B%5Crm%20PST%7D(x)%20h(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%5Crm%20PST%7D%3D%5Csum_x%20f_%7B%5Crm%20PST%7D(x)%20h(x)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_%7B%5Crm%20PST%7D(x)%20%3D%20%5Csqrt%7B%5Cleft(x-%5Cfrac%7B1%7D%7B2%7D%5Cright)%5Cleft(L-x%2B%5Cfrac%7B1%7D%7B2%7D%20%5Cright)%7D%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0Af_%7B%5Crm%20PST%7D(x)%20%3D%20%5Csqrt%7B%5Cleft(x-%5Cfrac%7B1%7D%7B2%7D%5Cright)%5Cleft(L-x%2B%5Cfrac%7B1%7D%7B2%7D%20%5Cright)%7D%0A%5Cend%7Balign*%7D

¢ Perfect-State Transfer

Perfect- State Transfer in XX-spin chain Christandl etal.

(2004)
HpsT = Z \/J SmS j+1 T stg+1)
L-site system in Single S = (L-1)/2 spin
one-magnon subspace In transverse field
7y =S5 [all 1) 5% =)
hopping amplitude Clebsch-Gordan coeff.

Quantum-state transfer without loss of fidelity
Constant level spacing of eigenenergies


https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%5Crm%20PST%7D%20%3D%20%5Csum_%7Bj%3D1%7D%5E%7BL-1%7D%20%5Csqrt%7Bj%20(L-j)%7D%20%5Cleft(S%5Ex_j%20S%5Ex_%7Bj%2B1%7D%2BS%5Ey_j%20S%5Ey_%7Bj%2B1%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%5Cmathcal%7BH%7D_%7B%5Crm%20PST%7D%20%3D%20%5Csum_%7Bj%3D1%7D%5E%7BL-1%7D%20%5Csqrt%7Bj%20(L-j)%7D%20%5Cleft(S%5Ex_j%20S%5Ex_%7Bj%2B1%7D%2BS%5Ey_j%20S%5Ey_%7Bj%2B1%7D%5Cright)%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%7Cj%5Crangle%20%3D%20S%5E-_j%20%7C%7B%5Crm%20all%7D%5Cuparrow%5Crangle%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%7Cj%5Crangle%20%3D%20S%5E-_j%20%7C%7B%5Crm%20all%7D%5Cuparrow%5Crangle%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%7CS%5Ez%20%3D%20j%5Crangle%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%7CS%5Ez%20%3D%20j%5Crangle%0A%5Cend%7Balign*%7D

¢ Transverse spin correlation in PST system
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¢ CFT from open chain to PST system

Inverse sine mapping  Wen-Ryu-Ludwig (2016)

2 = Rsinw

/

.

o plane
7T< <7T 0
——<u< =, v=
2 2’

uniform chain

\

J

/

.

z plane

—R<x< R, y=0

PST chain

leading term in staggered part of (S} S¢)

AT (1)1 ¥ [g(u1)g(us)]"*

[g(*152 ) g (HEH2) |
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https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%20%20z%3DR%5Csin%5Comega%0A%5Cend%7Balign*%7D
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https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%20%20-%5Cfrac%7B%5Cpi%7D%7B2%7D%20%3C%20u%20%3C%20%5Cfrac%7B%5Cpi%7D%7B2%7D%2C~~%20v%3D0%0A%5Cend%7Balign*%7D
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https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%20%20%5Cfrac%7BA%5Ex%20(-1)%5E%7Bj-k%7D%7D%7B%7Cx_1-x_2%7C%5E%5Ceta%7D%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%20%20%5Cfrac%7BA%5Ex%20(-1)%5E%7Bj-k%7D%7D%7B%7Cx_1-x_2%7C%5E%5Ceta%7D%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%20%20%5Cfrac%7BA%5Ex%20(-1)%5E%7Bj-k%7D%5Cleft%5Bg(u_1)g(u_2)%5Cright%5D%5E%7B%5Ceta%2F2%7D%7D%7B%5Bg(%5Cfrac%7Bu_1-u_2%7D%7B2%7D)g(%5Cfrac%7Bu_1%2Bu_2%7D%7B2%7D)%5D%5E%5Ceta%7D%0A%5Cend%7Balign*%7D
https://texclip.marutank.net/s=%5Cbegin%7Balign*%7D%0A%20%20%5Cfrac%7BA%5Ex%20(-1)%5E%7Bj-k%7D%5Cleft%5Bg(u_1)g(u_2)%5Cright%5D%5E%7B%5Ceta%2F2%7D%7D%7B%5Bg(%5Cfrac%7Bu_1-u_2%7D%7B2%7D)g(%5Cfrac%7Bu_1%2Bu_2%7D%7B2%7D)%5D%5E%5Ceta%7D%0A%5Cend%7Balign*%7D
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https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%20%20%5Clangle%20S%5Ex_j%20S%5Ex_k%20%5Crangle%0A%5Cend%7Balign*%7D
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Summary

- SSD-based (inspired) derivation of

novel representation of Virasoro algebra
ewedge-based framework of open string field theory
«(0, 1, 2 D-branes

o= —KML = —K™"9,



String theory = CFT on Reimann surfaces

String field theory = CFTs (and more?)

s~/<§m@m+;@3)v

el e =



SSD as CET: Dipolar quantization paeitas

-

A% SSD

H:LO : H:LQ——(L1—|—L_1)
: _ 2
Ly, :Discrete £, :Continuous



S. 2.

SSD as open string field theory  Kishimotokitade-Takahashi

SSDzTéchyon - — /
Condensation ™
XKAK o
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i S - 1 N
T T X
0RF
i
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i
i
I
| rof
I
I
i
i SOF
\ N
I
I
I

1
H ~ Ly H ~ Ly — 5 (L’2—|—L’_2) + const.

L, :Continuous
Closed string

L., :Discrete



Two frameworks for OSF T solutions

ldentity based

TakahashFTanhﬂoto

g — (/Csz(z)jB(z)> It...

F(z)|=—

|

1
2

¢ SSD!

(% +27)

Wedge based

Ve =+vV1-— Gchcvl — G

G(K)

/O ) dsg(s)

SSD 7

-

€

Schnabl

—sK




Question

How SSD will work in
wedge-based framework 7

Answer

Virasoro algebra in K-space



KBCL a‘gebl’a Mertes-Schnabl

(pc=cKe, QpK =0, (QpB=K, QplL=0,

¢cB+Bc=1, =0,
L, K|=K, |L,B|l=B, |Lc=-c

L, f(K)] = KOf(K)
L, =—K"L=—K""109
[Lma Ln] — (m — n)Lm—l—n




Virasoro generators tor nontrivial
hackgrounds (= SSD!)

K
Uo=+v1—-Gec—=Bev1l -G

G
QU = Q¥ + U 4+ Uy, s = o,
~ A > F
L)\:Qb)\ U)\:—g—¢ — Bcl' — FBC qS
— U vy L Ko G(K')
>\_|_ A qﬁ(K):eXp(/ dK 72 )

Ly, Ly] = (A= XML



0, 1,72 branes

G(K) = (14}—([()”

(1+ K)* for the tachyon vacuum (n = —1)
oM K) ~ { K for perturbative vacuum (n = 0)

e & K*  for two-branes (n = 1)

Tachyon vacuum avoids K=0 singularity ! -> continuous ?



Remark

 More understanding of K-space required > K-space CFT ?

 Splitting (Closed strings )?
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Checkerboard Lattice 2-Channel Kondo Lattice @@@@@@@

Kurebayashi and Shibata (2019)
(€ h/J =39  M/Mu =3/4

Morita and Shibata PRB (2016)



IR R & XATRIEDEN

f(x) = sinz(% x] Deformation

Energy scale T
0 X L

A. Gendiar, R. Krcmar, and T. Nishino, Prog. Theor. Phys. 122, 953 (2009); 123, 393 (2010).

2 (n ) _ 1 — cos (%x)

J N

Jf(x)= Jsinz[% xj /

1-2 J3 4 J5-6 J7—8

J1o T34t s eS8 = JrztdastJestds =JN/2

0



IR & XITRIEDEN

;/7 o iE AN = -
CRTDE 773N
M ”\\\\

Jf(x) =Jsin2(%xj /

Jia

J3.4 Js.6

JiotSsutds et s = Jratdyste st =JN/2




Sine-Square Deformation f(x)=sin2(%x)

Ak12="
L

0 L

+
H o ina = Z(gk — H)c, ¢,
k

1
HDeform = Z 2 (ex — 1) Cl-cl-ck
k

+
Z 4 2 (8 Ak l’l’) Ck+Aka HDeform =
2

1 Ak

— 43 2(8 Ak— 1) Ce_nkCr

1
-0.4

-0.4

2

Ak ===

L

f(x)=sin*(Akx/2)

-0.4
0.7
-0.3

11

-0.3
0.3
0

=§{1_cos(Akx)}

2 exp(iAkx)+ exp(— iAkx)}

Positive and negative

0 cigenvales are separated
-03 03
0.3 -0.7 04
04 -1 04
04 -0.7 0.3
03 -0.3
0

0
0.3
-0.3

-0.4

-0.3
0.7 |

Ground state many-body wavefunction is identical to the original one

T. Hikihara and T. Nishino, Phys. Rev. B 83, 060414(R) (2011)
H. Katsura, J. Phys. A 44, 252001 (2011)




Energy spectrum

OBC SSD
(@) 4 (b)
€ ¢ . € . 50
—2cosk—p g
1 | 1 ‘?@// 4
ok
-1 -
2t
":5“' 0 40 50

energy index [

Hotta and Shibata PRB 86 041108 (2012)
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H
- N Exact (black)
TRV F —2Ef E |

Fermi Z£{L SSD (red)
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Size scaling and magnetization (SSD)

S=1/2 Heisenberg spin ladder ' -
| S=1/2 spin ladder
~0.5780
' : oaf _J
E/L 1 J/J=1.0 | M
H=00 _ J
-0.5781 |
0 1/[3  0.00003 0 AR .
0.2 0.4 0.6 0.8 1
0 H 0
E/L | J./7=10 1.0 .
H=0.8 ! 0.1 [/ - |
-0.590 | . S X A——— |
I ] M | N 0.8 A A
1] : : _ H=06 S
0591 | oy X /\N /
' J1J=10

0 1/L3 0.00003 00 — x | ‘ 160



Kagome lattice

| : 1 7/9

5 5/9
S _

1/3

— 1/9

H/J
Nishimoto, Shibata and Hotta: Nature Communications 4 2287 (2013)

AKX XK KX
s A.A‘A
- \ v ‘
ANVANEVANIVA W

X AN

7\

0.0'0'0'3'0




Checkerboard lattice

S=1/2 antiferromagnetic Heisenberg interaction p-14
X

HH

12%x6 .16 X8 x-OBC. y-PBC

1.0 1.0 ]
-——- Ly=12(0BC), Ly=6(PBC) 16 (196 site)
) _ o p- S1
08F —— Lx=16(0BC), Ly=8(PBC) rt 08 + p-14(156site) 3/4
i o p-12 (120 site) Eﬂ"'
wh?
0.6} = 06} gwo®
:;? 1/2 nnﬂ
UL Lk e
oy
L = 04k 8 J
0.4 04 38 o new
1/4
---------------------- s oBREN new
0.2+ 02} 7 .
Dﬁﬁ‘
0 &
0_0 1 X =Tl 1 1 1 1 1 1
0.0 0 %.0 1.0 2.0 30 4.0




Checkerboard lattice

-4 @ _h/J=00  pppp— o
AAA A
AAIA A N
Aaan 8
AAAA Sian=0
M/ Mg = 1/4
BAB "7,
BABA "7
ABAB
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€ h/J=109

M/ Msat = 3/8

U P DA

LV Jpr—

*'ﬂ.m.gg%@
.u.m s

X A

Sispin =1
A
Sispin =0
B C

S dspin = 1

1.0
o p-16 (196 site)
08F + p-14(1565site) 3/4
a p-12(120site) Pkt
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- 0.6} a®®
< 12 il
:‘ e B
=~ 04 38
1 S—
02f -
@
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B
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51)\ P A Sespin =0
\"B"A D
A1)
4N 17
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p-14 |




. . [ —
Magnetization plateau
08F + p-14(156site) 3/4 g
a p-12 (120 site) v
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= L
= 04 3/8 -
q 79 /4 spoBaRl
02 e
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Two-channel Kondo lattice model

/ PrEefiqv & X 4\
PrTi,Al
(Ta) f-EFOHMEEBERE LIZESTFDEMERE

T, 156 K
= —tZ(cuwclH wc +h.c ) +stl“ .

loa

I 107 K

I, =—65K

TEEF(a= 1) lli
I =——=0 BEAE > + + +”’
2 |

LEESF(a =2) +

Prod f2BeEH FEKramers —EIE

. /

¥ T.Onimaru and H. Kusunose, J. Phys. Soc. Jpn. 85, 082002 (2016)
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Feynman’s blackboard at 1988

e v P - . . —_—
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Bethe Ansatz Prob _fr) /§ = WU A)
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Unruh effect

A constantly accelerating observer
a&
n x = = cosh(an)
&
t =<

— sinh(an)

R sees the vacuum as a thermalized

) state with an effective temp.
(Unruh temp.)

. 2m
B==

a

The Left and right parts are space like regimes,
which are classically separable!



Rindler-Fulling quantization

arsa,  with a0y

‘ Minkowski vacuum
S bﬁ,bR;,bII;, bL; with

L

byl0)k = by10) = 0

Bogoliubov transformation

0y = e o™V 7510), 100,

\ 4

— *H
| pr = TrLl0)yOly = | [ 7"
constantly accelerating observer

p

o .

R X = - cosh(an) with B* = 2_7T and H), = pr;bﬁ
r = "‘75 sinh(an) a



Ising-like XXZ chain

1>0 (A>1)
L
H=1Jy ), [SiSh+ 808, + 4SS5,
n=—L+1
J, = 2 A = cosh 4
’l_sinh/l -0

The groundstate is gapful with a finite correlation length.

ferro critical AF/gapful

1 0 1 A
XY XXX
Bethe ansatz solvable

Bulk energy, excitation gap, magnetization, etc.

But, direct computation of the Bethe wavefunction is not so useful



geometry for EE

OO0 OO0 OO0
A+l -+2 -+3 .. -1 0 |1 2 .. -1 L
Reservoir System

—Tr[plogp]

* This bipartition EE can be easily calculated by DMRG.

\ 4

p=) ¥, n)¥n_n)

If we can write p ~ exp(—Hgg) , Hgg is called entanglement
Hamiltonian or modular Hamiltonian.

A modular Hamiltonian defines a time evolution in an angular direction
different from the conventional time.



XXZ chain and 6-vertex model

v V Vv VvV vV
W v V) = , <f>t>1>1>
(b, Vi, vy = s AV VY
y <1 <T<T>1T>
W(+, +1+,+) = W(=, —|-,—) = 1 N Y NY
sinh(u) —<T<t>T> >—
W+, ==, +) = W(—, +l+,-) = Snh(1— ) P N\ < N < N P Y -
sinh(A) < <
W(+, =+, =) = W(=, +|-,+) = Snh(l— ) N N N AN\
satisfies Yang-Baxter relation A > 1 Ising-like anisotropy =

antiferroelectric regime
Commuting transfer matrices

[T(l/l), T(l/l,)] — O T(bt) = Z 1_[ Wn(,una Vn|,un+l s Vn+l)

u . rapidity(zspectra| parameter) {uy n

d
Hamiltonian of the XXZ chain H = - - log T'(u)

u=0
Simultaneous eigenstate  [7' (1), H] =0



integrability and CTM

Eigenvector: Bethetype Baxter’s magi / CTM

A(A-u)
W) ~ lim 7T"|b) = =

n—00

A(u)

Baxter, J.Math.Phys. (1968), J.Stat.Phys. (1971)

The groundstate wavefunction of H can be written as a product of CTMs

Y~ A - wAm)  with A(u) ~ ™



9 Hamiltonian of corner transfer matrix/corner Hamiltonian
L

K =0 Y (S35 + 8180, + 5387

n+1 n+1
n=1

Lattice Lorentz boost operatorA T ONA = T(u + v
(Rapidity shift operator) (=T MAW) = T +v)

— The CTM formulation corresponds to the Rindler quantization
of the relativistic quantum field theory

Lattice Poincare algebra H.B.Thacker, Physica D 18, 348 (1986).
[PLH] =0, [K,Pl=iH, [¥, H]=il
~ In
lo=iP Ii=-H L=ib=) huhwimal  logTu) =) =i,
n!

Reduced density matrix g€ plays a role of the entanglement Hamiltonian

| B =24
B p=exp(-fIO/Z  with exp(—BK)



entanglement/corner Hamiltonian

L

e T K=Jy ) nfSiSt, +Sis), +Aasise, |

n=1

Free boundary condition at n=1, L

[> The boundary effect at n=1 should be perfectly suppressed

The energy scale is proportional to n

[> Effective temperature decreases as n increases.
(This can be a source of difficulty in a QMC simulation)



WL QMC

off-diagonal interaction diagonal interaction
(XY-terms) (zz terms)

The energy scale is proportional to n. B We draw WLs as circles
“classical” entanglement surrounding the entangle point
o . . 2m _m
Scale imaginary time: 1 0=ar with a=—= 1
0 < T ﬂ/[ ﬁ/l

a : effective acceleration a=0 : classical limit



snapshots  A=20 B, =24
(1=1.3169---)

How can the “uniform” ground state be realized for the non
uniform Hamiltonian?

Density of kinks looks uniform
in this plot!

Local temp « nf3;

T

]mm#«nm
For f < f3; (high temp.), kinks
around the center becomes space.

For f > [;(low temp.), kinks
around the center are oscillating.



E(n,n+1)/n

bond energy distribution

(S S > normalized
n " n+l
bond energy
0.5 . . . . .
*
06 |
+ ” *
X i ¥
075 XTHeko K K X X X X
*xxii*******
08 | X
09 gy
B
LB x4 X . . . 0
5 10 15 20 25 30

kink(n,n+1)/Bn

0.6

04 r

KKK MM R K K Ky KW K % o
02F

A=2.0

normalized kink density

B /4 +
B x4 X

*

**

%

5 10 15 20 25 30
n

kink density is related to the
off-diagonal parts of local energy

At f = [, the normalized bond energy and kink density become

flat around n=1

=

reproduces uniform ground state wavefunction.



correlation functions

1 1

A= 2.0
L =64 ‘
O QMC for K -
+DMRG for H ]

—
3

3

O QMC for K
+ DMRG for H

1 |

I

I 1 1

20

A=2.0

Perfect correspondence
to the DMRG results for
the groundstate of H



Entanglement Entropy

The groundstate entanglement entropy for H can be calculated
as the thermal entropy for the entanglement Hamiltonian.

See = —Trg[plogp] = LK) + logZ

We calculate S_EE with integration of a specific heat estimated
by a QMC simulation.

Sgp = Llog2— [~ GdT = Llog2— [ C.dx

The estimation of the entropy is not easy but possible with QMC.



Cv

Fitting: Gaussian Kernel method




Eneanglement Entropy

1 —: """" £
0.9747 -
@ | .
m | A
« | . e QMC for K
: ¢ ED for £
A DMRG for H |
0 A 1 N 1 " 1
0 10 20 L 30

A=3.0

1 - 4
1 0.83025
---------------- ;---:---‘------- e e et TR
al
/M
n| . ® QMC for K
¢ ¢ ED for
A DMRG for H |
O N 1 1 N 1
0 10 20 [, 30

Estimation of EE approaches to the exact value of EE for the halfOinfinite subsystem

The deviation from the DMRG result originates from geometry of world sheets:
DMRG: cylinder, corner Hamiltonian: annuls



Unruh-DeW.itt detector

Vx

A harmonic oscillator coupled with a scalar field
moving along the Rindler trajectory

S = f dng(x(m), t)X () X = reosh(an), 1 = rsinh(an)
|:> The detector is excited by the thermalized vacuum.

Excitation rate is given by an integration of the Wightman function
=) P, f dne™" y{p(x(m), t(m)(r, 0)) us

Capturing the Bose distribution p |
i n &K ,
with the Unruh temp. Buon — 1

(massless case)



XXZ-chain analogue of the detector

A harmonic oscillator coupled with a spin in the XXZ chain

But, the detector does not accelerate in the chain literally .

Scalar field d(x(n), t(n)) = €“Tp(r,0)e "

n-dependent Lorentz transformation

Spin coupled with the detector : ¢ lattice Lorentz boost

= Shn) = e S ke "
n ~r : distance from the entangle point
g )
Agtocorrelation function G'U(U) _ Tr Sf;(n)Sf;(O)e_ﬁvt(K
with respectto T n 7

- J




Autocorrelations

DMRG: Renormalization transformation matrix gives

the relation between the (diagonal bases and the usual spin bases
(Rindler)

Bogoliubov trans.

(n)]

~
P

x,
1

G

SHE

(Minkowski)

<«—— classical value

m/a periodicity

Imaginary shift
of the rapidity
+

lattice effect



rapidity space and 6-vertex model

(spectral parameter) ‘ ‘ ‘ | | I

Phase diagram

| O<Ru<A-24
a/c r u -

@271

0 o<t <—
1T Critical a

Imaginary part: Bethe ansatz
o sinh((1 +ia)/2)
AF € = - :
F sinh((4d — ia)/2)

g T T
a=uan B __ _

A =00




summary/discussions  arxiv:1906.10441

* We calculate the groundstate properties of the Ising-
like XXZ chain with a finite temperature formulation
based on the entanglement Hamiltonian/CTM.

Lattice Unruh effect

* We can understand the entanglement from the
viewpoint of classical world lines surrounding the

entangle point world-line entanglement

e Can we realize lattice Unruh-Dewitt detector?
entanglement detector

* Critical cases? CFT, SSD, numerically bad convergence
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Perspectives

from
Sine-square deformation
on

conformal field theories
Tsukasa TADA

arXiv:1504.001 38 |
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Space ( may have Minkowski metric)
Energy
S)’mmetr’y * Noether current * Momentum

Tensor

w Tlme foliation* Hamiltonian * Path£tegral

Hilbert space
Structure

ITHEMS

RIKEN interdisciplinary
Theoretical & Mathematical
Sciences




Principle for

w Tlme foliation

respect

Symmetry =) Conservation of “Energy”

Unitarity

Hilbert space a

Structure

ITHEMS

RIKEN interdisciplinary
Theoretical & Mathematical
Sciences




What

Conformal symmetry

U

SL(2,R) (><SL(2,1R))

w Classified by
Casimir invariant

—*

ITHEM§

RIKEN interdis
Th retic I&M 'rhm’r al




What
SAuiEds? | Conformal symmetry

accomodates SL(Z,IR)(XSL(Z,IR))
$? H-

/A Sz Ryu-san’s talk
ITH E M S

RIKEN interdis
Th retic I&M 'rhm’r al




) H=L{+L_{+L;+L_4

‘H :Hamiltonian L; :Virasoro generator

ITHEMS






) ?{::.LO_FIR)

c?) >0
) U =T, Ly +2L—1 I, Ly +2L—1
3 H=L+1+L {+Li+L_4

c?) <0

‘H :Hamiltonian L; :Virasoro generator

ITHEMS




) 7—[ — LO —+ ZO radial quantization

14-%L—1,_E Li+L_4
2 2

dipolar quantization = Continuous Virasoro algebra

Sine-square Deformation

) H=L{+L_{+L{+L_4

‘H :Hamiltonian L; :Virasoro generator

ITHEMS



X.Wen, S. Ryu and A. Ludwig  Phys.Rev.B 93,235119 (2016)

H=IL,+L +L{+L_

H{f]= [ dx f(x)H(x).
k\.,« Envelope function

TABLE I. Summary of conformal maps and deformed evolution operators discussed in the main te

Conformal map “Time” “Space” Envelope function
Angular quantization w=Inz v u f(x)=x
Radial quantization w=1Inz u v f(s) = l
Entanglement Hamiltonian w = In g_rg v u fx) = M
Regularized SSD (rSSD) w = In & u v f(s) = cos Z* + coshug
Sine-square deformation (SSD) w = % u v f(s) = sm2 =
Square root deformation (SRD) Z=sinw v u f(x) =+/x2 — R?

ITHEMS



Entanglement

TT, arXiv: 1904.12414

H:L1+L—1+i’l+i_1

v

g(z) = 2" +1




Entanglement

TT, arXiv: 1904.12414




Entanglement

TT, arXiv: 1904.12414

1z
t +is = arctanz
(i
— ex (K/Z dZ
oo zz+1
— i_I_Z _QK: K arctan z < i
I — Z
(= —(ZZ—I—l) Karctanz
kel = (6 — KOG ) o 2) = (6= ¥l
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Entanglement

TT, arXiv: 1904.12414

¢(z) = az* + bz +, \

b2 — 4ac < 0

[ = \/ |b2—4ac|

a




Entanglement

CCFT
12

no [ 4z ). 9% Pg 1 [0g\*) ,
CI[K\K]—/sz. §35 1| 255 2 (5 +E fora(2)

_ (_(bZ — 4ac)k + KB) C 2d7ii fK;égZ) ,\
\

Ly, L] = (K = ') Ly + 25 Cllx[x]

TT, arXiv: 1904.12414

Jacobi CI[K|K/] — 0 .

identity - K/ # 0 @ :




Entanglement

TT, arXiv: 1904.12414

iz fiin (2
= (—(b* - 3 K+K
E ( (b~ dacht e ) c2mi g(z) z
dz fK—I-K’(Z) _ de+K/ \ Z;)oo
c2mti g(z) c2mi(k+) -
— fK+K’ Z
27Ti(K -+ K/) 3C // =







Ly, L] = (K — K/)£K+K/ + %CI[K‘K/]

fK—I—K’

27Ti (K + ') |5¢

— 27‘(i(K‘|—K/) (fK+K’(Z+) _fK+K’(Z—))

fe(z) = exp (K /Z e Zf)z(z _ Z)> — exp (a(Z+K_ "Bk (i - ?»




CCFT

EK,EK/:K_,E /
Loy L] = (k&) Ly + 5

CI[x|x] 45




CCFT
12

Ly, L] = (K — k") Lot o + —=ClI[x|x]

/
TSI <£> — 27tin,
al. €

Tal 1
In (L/e) n, neZ&or 2

K

T s
aL 7Y a

plic+x")t

Cl[x|x'] = (—(b2—4aC)K—|—K3)

27i(x + )

K+« L
X exp | i—~ In -




Torus geometry

[EK/ £K’]

(K o K,)EK—I—K’ +

CCFT

/
12CI[K\K]

x4+«

2
ZaL

tal.

L

€

ln<

) = 271N,

1

neZorZ+ =

K 2

“In(L/e)”

fK+K’
27[i(7( -+ K’)

CI[x|x'] (—(b2 — dac)xk + K3)

0
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Torus geometry

After rescaling,

[,CK, LK/] = (K — K/)[,K_l_,(/ -+ —

Virasoro algebra on

T
In(L/¢)

atorus with =i
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Entangilement Entropy

C. Holzhey, F. Larsen, F. Wilczek

Geometric and Renormalized Entropy in
Conformal Field Theory

Nucl. Phys. B 424, 443 (1994)
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Entangilement Entropy

time flow by

e "g;) — 10)




Entangilement Entropy




Entangilement Entropy

(9H10) = [ Do (x) (#}10) = | Dg* (x)




Entangilement Entropy

L10Y(0 ZL = Do(t, x e~ "
<4)]| 0197 /<P(0,x)4>f(x),4>(0+,x)4>f(x) PLx)

= (trye (\O><0D)i]'
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Entangilement Entropy

reduced density matrix]

— (tI‘Lc (|O><0D)ij = /2 X (‘0)1]

Z =Y (¢F10)(0|¢r) =Y (trre (10)(0)));;

i 1




Entangilement Entropy

reduced density matrix]

— (tI‘Lc (|O><0D)ij = /2 X (‘0)1]

Z =Y (¢r10){0l¢;) = Z(trLC (10)€01))

.




Entangilement Entropy

i = Z X (P)i]'

modular (entanglement) Hamiltoian

re " THmod = Z7trp" wllp — - trp

= —tr(plnp) =S

n=1
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Entangilement Hamiltonian

= Z % (p);j
modular (entanglement) Hamiltonian
e THmod e THmod
™ (e THmod) — Z
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Entangilement Hamiltonian

= Z X (P)ij

modular (entanglement) Hamiltonian

H,,qg=alL{+bLy+cL_1+ ali+bLog+cL_1 = Ly+ ZQ
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Entangilement Hamiltonian




TWO Oor more sections

J. Cardy,E. Tonni, . Stat. Mech. (2016) 123103
G.Wong, JHEP04(2019)045
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One-loop and higher

larger holes




Minkowski CFT

Luscher, Mack ('75)
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Minkowski CFT

Luscher, Mack ('75)
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Minkowski CFT

Luscher, Mack ('75)
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Minkowski CFT

Luscher, Mack ('75)
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Minkowski CFT

Luscher, Mack ('75)
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Minkowski CFT
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Time foliation over curved space

Two or more “time’s

Continuous Virasoro algebra
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Hamiltonian Action
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Automorphism on Poincare Disk
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