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« What is SSD? What are special about SSD?
* Free-fermion models

« Results

Boundary conditions in lattice models
Half-SSD

Summary
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What is SSD (sine-square deformation)?  ¥'°
B Setup and definitions

Consider a lattice model on a chain of length L. (PBC imposed)
L L 1o oL
» Uniform Hamiltonian = Ho =) "h; + Y hjj11 ¢ Q
j=1 j=1 Q ©
e Chiral Hamiltonian Q o)
L L 5 OuenO
Hy = Zei 07 1/2)hj + Z et 6jhjjj_|_1 ((5 = f)
71=1 71=1
: : 1 1
« SSD Hamiltonian Hssp = =Ho — - (Hy + H_)
Gendiar et al., PTP (2009-2010) 2 -
Hikihara, Nishino, PRB (2011)
[Sin22_1—0089] 1 L
Ex.) Heisenberg chain 2 2 0=0=0=0=0~0-0-0

L L
1 1.0 1 .. Lo (T
Hssp = 7 E (1 — 56?’55’ — 56_263)53' S = E sin® (zj) S; 811

7=1 J
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What are special about SSD? /
W Suppression of boundary effects o Xz chain, 4=65 t=0 o

* Negligible Friedel oscillation c/,\} Rl
Uniform g.s. correlations P | IR0y,

* Observed in 1D critical systems i o .
XXZ, Hubbard, Kondo-lattice, ... 0 20 40 60 j 80
Shibata, Hotta, PRB (2011) Hikihara, Nishino, PRB 83, 060414 (2011)

B Scaling of entanglement entropy
SPBC(E, L) = g]n [£ sin (W—;)] + 54 SSSD ~ SPBC
T

B \Wavefunction overlap

Overlap between the g.s. of systems
with PBC and SSD is almost 1.

* Rigorous proof for free-fermion models (XY, quantum Ising, ...)
* CFT interpretation: H.K., JPA 44, 252001, 45, 115003 (2011)

(Wssp |¥ppe) ~ 1
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Free fermion chain with SSD (1) 5/16

* Uniform Hamiltonian
L

L
H :—tz CC]-|-1 ‘|‘C]+1Cj MZCCJ f
= = L A Wiy
. L : S A £k 1
¢j/c; : annihilation/creation of fermion atj F K

Fourier.tr. Ho = Z e(k)c};ck €(k) = —2tcosk — p
k
G.S. of Ho: Fermisea (e(k) <0 occupied)  Hy|FS) = E,|FS)

e Chiral Hamiltonian
L L

+idj +i6(j—1/2 27
H+ ::——tjE:fa Z](C}QT+1—%(%+4(U)-—fL2£:fi 19(7 /)C%Cj ( -—-jj)
Momentum rep. Hay|) =0

He=eT02) ekFd/ciazs - O O @ @ @ O
k k—6 k k46
If e(kp +0/2) = e(—kp —0/2) =0, then Hi|FS)=0. ("." (c[)? =0)
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Free fermion chain with SSD (2) 6/16
B SSD Hamiltonian
~— ™ v 708 1
HSSD = —t ; SiIl2 (Z]) ( }Cj+1 + C}+1Cj) — ;szzl SiIl2 [f ( — 5)] C}Cj
In terms of Ho & Hi, Hssp = %HO — i(?—[_'_ + ’}—[_)

Fermi sea is annihilated by chiral Hamiltonians! H4+|FS) =0

HssolFS) = | 3Ho — 108 F0)| IPS) = Z2jrs

Fermi sea is an exact eigenstate of Hssp !

B Unigueness of the ground state
Fermi sea is the unique g.s. of Hssp. Ho & Hssp share the same g.s.

Outline of proof)

Free-fermion chain - XY spin chain (via Jordan-Wigner)
Perron-Frobenius thm tells: (i) the ground state of Hssp IS unique.
(i) it has nonvanishing overlap with |FS).
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« Any open/open correspondence?

* Yes, for free-fermion chain!

* But we need to add boundary potentials

L—-1
HO = — Z(C}Cj_|_1 —+ hC) — N1+ ny, /
7j=1

—1 +1

L—1 .
) i
Hye = — E SlIl2 (%) (C;r-cj—l-l + hC) +ny,

J=1

- H, and H,; share the same ground state But why?
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Boundary conditions in lattice models
« Tight-binding model with boundary potential

« Analytically solvable cases, eigenfunctions



Tight-binding chain with boundary potential *'°
B Hamiltonian
L—1
Hy(a,b) = — (C;Cj_i_l + cj-cjﬂ) —ani; —bng
j=1
cj, c;f- . spinless fermion ops.,
n; = cj,;cj : number op. —a A

B Tri-diagonal matrix
Ho(a,b) = —c' T(a,b)e, ¢ =(cl,....el)
* The "hopping’ matrix T determines the 1-particle spectrum

(a 1 \ « Eigenvalue problem
1 0 1
10 1 T (a,b)v = \v
T (a,b) = .
0 1 Analytically tractable?
\ 1 b Yes, for special (a, b)
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List of exact solutions
e a=Db=0: Fixed-Fixed BC

)\m:QCOS( mr ), m=1,2,...,L

L+1 Martin-Delgado, Sierra,
a=Db=1: Free-Free BC Phys. Lett. B 364, 41 (1995)
mTt

A, = 2 (—) —0,1,..L—1
COS L m

10/16

a=0, b=1: Fixed-Free BC

mi
Am =2
COS (2L+1

), m=1,35.,2L—1

ea=1,b=-1: Free-Anti-free BC

mit
Ay, = 2 (—) —1,3,5,...2L — 1
COS 5T m 3,9

a=(, b =1/qg: Saleur (proceedings, 1989)
g+q b A :QCOS(E) m=12,....L—1
? m L b 9 9

Appendix in HK, Schuricht, Takahashi, PRB 92, 115137 (2015)
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Neumann BC.:

B Orbifolding? W1 =Usr, o = a1
4L, 1 5 12
Tight-binding on 3 oL Ne
a periodic chain
of length 4L o
Ni N
oL : :2L

One can get eigenfunctions of T(1,-1)
from the plane wave solutions on
a periodic ring!

B Eigenfunctions Dirichlet BC:

i = \/% cos [”(23' - ?L(% _y) Y= vsm

1<j<L, 1<k<L
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Half-SSD
 What is half-SSD?
* Open/Half-SSD correspondence

« Self-duality, commuting property



What is half SSD? 1oe
B Setup
* Open-chain Hamiltonian B N
L—-1
Hyo(1,-1) = — Z(c;r-ch + h.c.) — n1 + ng
j=1

« Half-SSD Hamiltonian with boundary potetial

Hy a6 (b Zsm (—) CCJ_|_1—|—hC)—|—b?’LL

B Ground-state overlap B Ground-state energies
overep ) o ] : 2 °
L=50 /—\\ - Ey
half-filling > 2E0 hatr + 1 233} \

8| Exactly 1 o
04/ at b=1 -4 Coincide

0.2} at b=1

=35t

; —b  Open/half-SSD correspondence!
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What happens at b=17? 14/16
B H, . In the Hy-diagonal basis (L: even)

Hhalf(b) = CT Hhalf(b) C, EigenfunCtionS of T(l,-l)
2 27— 1)(2k —1
Heo = (@™, Hyar (1)) ¥ = \ECOS r( : 4)L( )

« Diagonal matrix elements
2k — 1 1
Hy, i = — cos [W( )] + -(0k1 +0kL), (k=1,...,L)

2L 2
« Off-diagonal elements

1 mk
Hirt1 = Hippr o = 5 cos (—) ., (k=1,..,L—1)

L
The other elements are all zero. a R
Clearly Lot sen = Hiosrps = 0. : o, U
Fermi sea of H Is the g.s. of H 4! - 0 ~
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Self-dual Hamiltonian
B Interpolation between H,_ and H,
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L—1
1 1 9
Hpae(1) = =Ho(1,—1) + { E COS (fj) (c;,r-cjﬂ + h.c.)+ny +ng

2 2 |+
71=1
« 1-parameter Hamiltonian Hy - N
1
H(a) = 5 (Ho(1, -1) + o.Hy) § , 0
1 1= 0
N.B.: H(0)==Hy(1,—1), H(1)= Hya(1
( ) 9 0( , )7 ( ) h lf( ) _ O )
B Self-duality of H, L L
- Eigen-operators of H, ¢ = Z?ﬁﬁ-k)% e = Z ¢§k)6}
j=1 j=1
» Eigen-space Hamiltonian (H,)
L—1 o a A
H, = Z COS (%) (6;[53-4_1 + h.C.) -+ 5{51 -+ 5}51; 0 0
j=1 0
Takes the same form as H, in real-space! " 0 v,
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Summary

« Studied tight-binding chain with half-SSD
* The models shares the same ground state Wi/

the tight-binding chain with special b.c.
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 The b.c. = mixed Dirichlet-Neumann b.c. a ™

» Decoupling structure in the "eigen-space’ 0

Future directions
« Extension to finite chemical potential

 Field theory: bosonization, CFT, ...
» Algebra? Anything to do with modular S-matrix?  »{*) = 5% (?)

« Extension to other boundary conditions?
Other mixed b.c. What about Robi b.c.? (e + 8¢)|,, =0

« What are they good for?



