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* Uniform Hamiltonian does not always have uniform ground state.
- Charge/Spin density wave, commensurate or incommensurate

- ex. Axial Next Nearest Neighbor Ising (ANNNI) model
H=—-J; Z 03,4 (Uz'+1,j + 0i,j+1) — J2 Z 0i,jOi+2,5
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Energy Scale Deformation
* There is a modulated Hamiltonian whose ground state is uniform.
- empty state of any Fermionic system (too trivial!)
- (modulated/inhomogeneous) AKLT Hamiltonian

since H = sum of projectors, and pre factor can be arbitral

- Slow energy scale modulation would not affect a gapped ground state

if the modulation is slow enough (or gap is wide enough)

- Exponential Deformation (Wilson, ..., Okunishi)

wilson lattice EIR AL o)LL)
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a classical counterpart: Hyperbolic Lattice
Ising model on Hyperbolic Lattice

- there is ferro-para phase transition

- always off critical

- row-to-row transfer matrix can be defined

- is it possible to find out the corresponding
quantum Hamiltonian? (I have no answer)

probably, in anisotropic limit (how to define this limit?),
one reaches the hyperbolic deformation. EYSQHENEEREE:

1
Hcosh()\) _ 5 [Hexp()\> + Hexp(_)\)}
N
j=—N

ground-state is uniform, except for the edge state,
as it was observed in the case of exp. deformation.



a path to “spherical” deformation
* Corner Hamiltonian ~ Entanglement Hamiltonian

- Okunishi proposed a quantum counterpart of CTMRG

N-1
KN = Z (I PRI ond-mat/0507195
n=1

- Hyperbolic “deformation” can be considered
N
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j=—N

* History in physics suggests the generalization to trigonometric deformations

N/2—1
Hgy = »  cos(al)hy,,, EEGEENIFE
(=—N/2

... well, the prototype was “cosine
deformation”, and not squared.
How can one use the
deformation? (I don’t know.)
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Smooth Boundary Conditions for Quantum Lattice Systems

M. Vekic and S. R. White

Department of Physics, University of California, Irvine, California 92717
(Received 1 September 1993)

We introduce a new type of boundary conditions, smooth boundary conditions, for numerical studies
of quantum lattice systems. In a number of circumstances, these boundary conditions have substantially
smaller finite-size effects than periodic or open boundary conditions. They can be applied to nearly any
short-ranged Hamiltonian system in any dimensionality and within almost any type of numerical ap-
proach.

PACS numbers: 02.70.—c, 05.30.Fk, 75.10.Jm
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... finally we reach sin”2 form, ... almost ACCIDENTALLY

Errara published in Prog. Theor. Phys. 123 (2010), 393. 393

Errata

Spherical Deformation for one-dimensional Quantum Systems

Andrej GENDIAR, Roman KRCMAR, and Tomotoshi NISHINO
Prog. Theor. Phys. 122 (2009), 953.

In the article we have published, we studied the finite-size correction to the energy per site
EYN /N for the spherically deformed free fermion lattice, whose Hamiltonian is given by

N-—1 n AlA ~ o
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What happened?
- I visited Aachen, to discuss with Andrej Gendiar in 2008.

... we considered a way of reducing the boundary effect in 1D chain.

The following picture came up, though I do not
understand what it is even now. (open problem)
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a sphere has no border

let us focus on the width of
each piece of paper.

N-—1 . m
(N) _ _ in (% fe foe
Hine = —t [sm ( N )} (€j€Cj41 +CjiyC)) Major contribution
came from
Andrej Gendiar



What happened?
- I visited Aachen, to discuss with Andrej Gendiar in 2008.

... we considered a way of reducing the boundary effect in 1D chain.

The following picture came up, though I do not
understand what it is even now. (open problem)

any way, we checked the “cosine deformation” on
the free fermion lattice, and confirmed that it
reduces the boundary effect.

N/2—1

Hgyp, = Z cos(al) P pi

(=—N/2

We report the result as [vl] of EIRGAHX:FRPP:

ATTENTION: we submit [v1] to Prog. Theor. Phys.
Referee pointed that the boundary effect is reduced, but still there is.

- Andrej proposed to consider cos™n also, since the function falls to 0
MORE SMOOTHLY than cos”1.

- I denied Andrej’s proposal, since cos”n contradict the above SPHERE.



What happened?
- I visited Aachen, to discuss with Andrej Gendiar in 2008.

... we considered a way of reducing the boundary effect in 1D chain.

The following picture came up, though I do not
understand what it is even now. (open problem)
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Figure 2. Expectation value (chg 41+ c} +1Ce> of the spherically deformed lattice
Fermion model when N = 400. For comparison, we also plot the same expectation
value for the undeformed case.



What happened? - Andrej was right, and there is one another side story.

[ERRATA]

In the article we have published, we studied the finite-size correction to the energy per site

E™ /N for the spherically deformed free fermion lattice, whose Hamiltonian is given by
N-1 n A At o4
~(n) Z 4y A A 4 CyCy+ Cpy1Copa

for the case n = 1. While we proceeded to a further study on the spherical deformation, we noticed
the data shown in Figs. 2-7 were incorrect, and these figures corresponded to the Hamiltonian for the
case n = 2. This error happened due to a very primitive confusion in the file name of computational
source codes, and we misused the data with n = 2, instead of n = 1. We show appropriate data for

the typical case u = 0, which corresponds to the half filling.
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Fig. 1. Bond correlations at half filling calculated
for I:Ién) with n = 0, 1, and 2. Fig. 2. Finite-size corrections to the energy.



Home Works (Conjectures)

Extension to higher dimensional system

- It is always possible to consider Hyperbolic lattice or deformation.

- Slowest modulation on N-dimensional sphere would be an extension of SSD.

Trotter decomposition

- What is the right Trotter decomposition between curved surface with
constant curvature and corresponding quantum (lattice) system.

Fuzzy space

- How does non commutable space can be deformed in the manner of SSD?



[The world of Classical Physics is quite Wide]

electric magnet: should it be a cylinder?

What is the most appropriate form
for the high field magnet?

Liu et al. ERGAEIFAIEEEL)

¥

Spherical coil? Hyperbolic helical coil?



Do find something rectangular/cylindrical

fill this space.

try to find on SNS.



Do find something rectangular/cylindrical

You are looking at
rectangular screen.

u phone, also.
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Exact ground state of the sine-square deformed XY

spin chain J. Phys. A: Math. Theor. 44 (2011) 252001

Hosho Katsura

Department of Physics, Gakushuin University, Mejiro, Toshima-ku, Tokyo 171-8588,
Japan

E-mail:  hosho.katsura@gakushuin.ac. jp,

Abstract. We study the sine-square deformed quantum XY chain with open
boundary conditions, in which the interaction strength at the position z in the chain
of length L is proportional to the function f, = sin®[Z(x — 3)]. The model can be
mapped onto a free spinless fermion model with site-dependent hopping amplitudes
and on-site potentials via the Jordan-Wigner transformation. Although the single-
particle eigenstates of this system cannot be obtained in closed form, it is shown that
the many-body ground state is identical to that of the uniform XY chain with periodic
boundary conditions. This proves a conjecture of Hikihara and Nishino [Hikihara T
and Nishino T 2011 Phys. Rev. B 83 060414(R)] based on numerical evidence.
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A Generalization: Spherical Deformation
N-site tight binding Hamiltonian
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A system under Open Boundary Condition gives data as efficient as those under
Periodic Boundary Condition, under the spherical deformation.



Bond Strength
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